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Abstract
Upper bounds are obtained for the heat content of an open set D with singular initial condition f on
a complete Riemannian manifold, provided (i) the Dirichlet–Laplace–Beltrami operator satisfies a strong
Hardy inequality, and (ii) f satisfies an integrability condition. Precise asymptotic results for the heat con-
tent are obtained for an open bounded and connected set D in Euclidean space with C2 boundary, and with
initial condition f (x) = δ(x)−α,0 < α < 2, where δ(x) is the distance from x to the boundary of D.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let D be an open set with boundary ∂D in an m-dimensional, geodesically complete Rie-
mannian manifold M . It is well known that the heat equation
u = ∂u
∂t
, x ∈ D, t > 0, (1)
with initial condition
u(x;0) = f (x), x ∈ D, (2)
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u(x; t) = 0, x ∈ ∂D, t > 0, (3)
has a unique weak solution uf for f in a wide class of initial conditions. In particular if D has
compact closure D and finite volume |D|, ∂D is smooth and f ∈ C∞(D), then the heat content
Qf defined by
Qf (t) =
∫
D
uf (x; t) dx, t → 0, (4)
has an asymptotic series
Qf (t) =
J∑
j=0
bj t
j/2 +O(t (J+1)/2), t → 0, (5)
for any J ∈ N. The invariants b0, b1, . . . depend on the geometry of D,∂D and on f . For example
b0 =
∫
D
f (x)dx, b1 = −2π−1/2
∫
∂D
f (y) dy, (6)
where dy denotes the (m − 1)-dimensional surface measure on ∂D. For further details we refer
to [10] and the references therein.
The asymptotic analysis of uf for t → 0 and for t → ∞ and the corresponding spectral
function Qf have been the subject of a thorough investigation. The treatise of Carslaw and
Jaeger [6] deals with a range of regions D in Euclidean space Rm and initial conditions f , where
tools from classical analysis, like separation of variables and Laplace transforms, are available.
In this paper we are concerned with the situation where f is a non-negative measurable func-
tion which is unbounded near ∂D, and where ∂D is not necessarily smooth. We will show that
it is possible to have finite heat content Qf (t) for all t > 0 even though f /∈ L1(D). This can
happen if either |D| < ∞ and the set where f is large is located near ∂D, or D has infinite
volume in which case it is possible that f remains bounded. In both cases we require that ∂D is
sufficiently regular. The latter will be formulated in terms of a Hardy inequality.
The Dirichlet–Laplace–Beltrami operator acting in L2(D) satisfies a strong Hardy inequality
if there exists h : [0,∞) → [0,∞) continuous, increasing and with h(0) = 0 such that for all
w ∈ C∞c (D) ∫
D
|∇w|2 
∫
D
w2
h(δ)
, (7)
where δ :D → [0,∞) is the distance to the boundary
δ(x) = min{d(x, y): y ∈ ∂D}, (8)
and d(x, y) is the geodesic distance from x to y.
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[1,2,4,5,7–9]. We wish to point out that the proof of Theorem 1 below does not use any specific
properties of the distance function, and that a more general formulation is possible subject to the
validity of (7). For example δ could be the distance from x to a subset of ∂D.
Theorem 1. Suppose D is an open subset of a geodesically complete Riemannian manifold M ,
and suppose that the Dirichlet–Laplace–Beltrami operator acting in L2(D) satisfies a strong
Hardy inequality (7).
(i) Suppose D has finite volume |D|, f is non-negative and measurable, and suppose there
exists p > 1 such that
∫
D
f p/(p−1)h(δ)1/(p−1) < ∞. (9)
Then for all t > 0
Qf (t)
(
p2
4(p − 1)
)1/p( ∫
D
f p/(p−1)h(δ)1/(p−1)
)(p−1)/p(|D| −Q1(t))1/pt−1/p, (10)
where
Q1(t) =
∫
D
u1, (11)
and u1 is the solution of (1)–(3) with f ≡ 1.
(ii) Suppose f is non-negative and measurable, and suppose there exists p > 1 such that
∫
D
(f ∨ 1)p/(p−1)h(δ)1/(p−1) < ∞. (12)
Then for all t > 0
Qf (t) a(p)
( ∫
D
f p/(p−1)h(δ)1/(p−1)
)(p−1)/p( ∫
D
h(δ)1/(p−1)
)1/p
t−1/(p−1), (13)
where
a(p) = 4−1/p
(
p
p − 1
)(2p−1)/(p(p−1))
. (14)
The following shows that the upper bound (10) in Theorem 1 is close to being sharp for a
wide class of geometries and f (x) = δ(x)−α , where α is a positive constant.
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β ∈ (0,1], c1 > 0, c2 < ∞, c3 > 0 such that
c1ε
β 
∣∣{x ∈ D: δ(x) < ε}∣∣ c2εβ, 0 < ε  sup
x∈D
δ(x), (15)
h(δ) c3δ2. (16)
Then for any α ∈ [β,2) and η ∈ (0, (2 − α)/2) there exist t0 > 0,C1 > 0, and C2 < ∞ such that
C1t
−(α−β)/2 Qδ−α (t) C2t−(α−β)/2−η, 0 < t  t0. (17)
For α < β δ−α is integrable and limt→0 Qδ−α (t) =
∫
D
δ−α .
In Theorem 3 we obtain the sharp exponent of t and the constant of proportionality for a
region in Euclidean space with initial condition δ−α .
Theorem 3. Let D be an open, bounded and connected set in Rm, m 2, with C2 boundary ∂D.
Then for t → 0:
(i) 1 < α < 2,
Qδ−α (t) = k(α)
∫
∂D
dy t(1−α)/2 +O(t (3−2α)/2 ∨ 1); (18)
(ii) Qδ−1(t) = 2−1
∫
∂D
dy log
1
t
+O(1); (19)
(iii) 0 < α < 1,
Qδ−α (t) =
∫
D
δ−α + k(α)
∫
∂D
dy t(1−α)/2 + O(t1/2), (20)
where
k(α) = π−1/221−α

(
1 − α
2
)
(α − 1)−1, α ∈ (0,2) \ {1}. (21)
This paper is organised as follows. In Section 2 we prove Theorem 1 and Corollary 2. In
Section 3 we use probabilistic tools to prove Theorem 3.
2. Proofs of Theorem 1 and Corollary 2
Let fn :D → R be the truncation of f defined by fn = f ∧ n, and denote the solution of
(1)–(3) with f = fn by ufn . Then
ufn(x; t) =
∫
pD(x, z; t)fn(z) dz, (22)
D
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we have that
Qfn(t) =
∫
D
dx
∫
D
dzpD(x, z; t)fn(z) =
∫
D
u1fn. (23)
Let p > 1 be such that (9) holds. By Hölder’s inequality and (23)
Qfn(t)
( ∫
D
u
p
1 h(δ)
−1
)1/p( ∫
D
f
p/(p−1)
n h(δ)
1/(p−1)
)(p−1)/p
, (24)
and by Lebesgue’s dominated convergence theorem
Qfn(t)
( ∫
D
u
p
1 h(δ)
−1
)1/p( ∫
D
f p/(p−1) h(δ)1/(p−1)
)(p−1)/p
. (25)
Next note that by an integration by parts and Hardy’s inequality (7)
− d
dt
∫
D
u
p
1 = −p
∫
D
u
p−1
1
∂u1
∂t
= −p
∫
D
u
p−1
1 u1 =
4(p − 1)
p
∫
D
∣∣∇(up/21 )∣∣2
 4(p − 1)
p
∫
D
u
p
1 h(δ)
−1. (26)
Combining (25) and (26) we obtain that
(
Qfn(t)
)p − p
4(p − 1)
(
d
dt
∫
D
u
p
1
)( ∫
D
f p/(p−1)h(δ)1/(p−1)
)p−1
. (27)
Since t → u1(x; t) is decreasing and since fn  0 we have that t → (Qfn(t))p is decreasing.
Hence
t∫
0
(
Qfn(τ)
)p
dτ  t
(
Qfn(t)
)p
, (28)
and integrating (27) with respect to t over [0, t] yields
t
(
Qfn(t)
)p  p
4(p − 1)
( ∫
D
(1 − up1 )
)( ∫
D
f p/(p−1)h(δ)1/(p−1)
)p−1
. (29)
Since 0 u1  1 we have that 0 1 − up1  p(1 − u1). By (29) we have that if |D| < ∞ then
t
(
Qfn(t)
)p  p2
4(p − 1)
(|D| −Q1(t))
( ∫
f p/(p−1)h(δ)1/(p−1)
)p−1
. (30)
D
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Lebesgue’s dominated convergence theorem, and (10) follows by (30).
To prove (13) we return to (27) and integrate this inequality with respect to t over [t1, t] to
obtain that
(t − t1)
(
Qfn(t)
)p  p
4(p − 1)
∫
D
u1(x; t1)p dx
( ∫
D
f p/(p−1)h(δ)p/(p−1)
)p−1
. (31)
By (12) we have that h(δ)1/(p−1) is integrable, and so by (24) in [2, Theorem 3]
∫
D
u1(x; t1)p dx 
∫
D
u1(x; t1) dx  (p − 1)1/(1−p)
∫
D
h(δ)1/(p−1)t−1/(p−1)1 . (32)
By (31) and (32) we obtain that
Qfn(t)
(
p
4(p − 1)
)1/p
(t − t1)−1/pt−1/(p(p−1))1 (p − 1)−1/(p(p−1))
×
( ∫
D
f p/(p−1)h(δ)1/(p−1)
)(p−1)/p( ∫
D
h(δ)1/(p−1)
)1/p
. (33)
The choice t1 = t/p minimizes the right-hand side of (33) and yields by definition (14)
Qfn(t) a(p)
( ∫
D
f p/(p−1)h(δ)1/(p−1)
)(p−1)/p( ∫
D
h(δ)1/(p−1)
)1/p
t−1/(p−1). (34)
Inequality (13) follows by letting n → ∞ in (34).
To prove Corollary 2 we use the following to obtain an upper bound on |D| −Q1(t).
Lemma 4. Let M be a geodesically complete Riemannian manifold with non-negative Ricci
curvature. Suppose D is an open subset of M . Then for x ∈ D, t > 0
u1(x; t) 1 − 2(m+2)/2e−δ(x)2/(8t). (35)
The proof relies on a comparison of M and Rm and can be found in [2].
Proof of Corollary 2. First suppose that β < α < 2. Then the integral in (9) is finite if and only
if 1 < p < (2 − β)/(α − β). For any η′ ∈ (0, (2 − α)/(α − β)) we have that p = 2−β
α−β − η′ > 1.
By (35) and the upper bound for μ(ε)
|D| − Q1(t) 2(m+2)/2
∫
e−δ2/(8t)D
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∞∫
0
ε1+βe−ε2/(8t) dε
 2(m+5)/2c2tβ/2. (36)
By (10) and (36) there exists C2 < ∞ such that
Qδ−α (t) C2t (β−2)/(2p) = C2t−(α−β)/2−
η′(α−β)2
2(2−β−η′(α−β)) . (37)
Since η′ ∈ (0, (2 − α)/(α − β)) we have that
η := η
′(α − β)2
2(2 − β − η′(α − β)) ∈
(
0, (2 − α)/2). (38)
Next suppose that β = α. Then the integral in (9) is finite for any p > 1, and the upper bound
in (17) follows for any η ∈ (0, (2 − α)/2).
To prove the lower bound in Corollary 2 we note that, by Lemma 4, u1  12 on the set
{x ∈ D: δ(x) (4 +m)t1/2}. Let θ > 1 be such that
c1θ
β = 2(4 +m)βc2. (39)
Then
Qδ−α (t) =
∫
D
u1δ
−α
 2−1
∫
{x∈D: θt1/2δ(x)>(4+m)t1/2}
δ(x)−α dx
 2−1θ−αt−α/2
(
μ
(
θt1/2
)−μ((4 +m)t1/2))
 2−1θ−α
(
c1θ
β − c2(4 + m)β
)
t−(α−β)/2
 2−1θ−αc2t−(α−β)/2, (40)
for all t such that θt1/2  supx∈D δ(x). 
3. Proof of Theorem 3
The main idea in the proof of Theorem 3 is for a given x to approximate ∂D by the plane
tangent to ∂D at the point y(x) ∈ ∂D nearest to x. The solution of (1)–(3) with f ≡ 1 for the
half space bounded by this tangent plane containing x is given by
h(x; t) = 2π−1/2
δ(x)/(2t1/2)∫
e−q2 dq. (41)
0
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u1 = h+ c. (42)
In Lemma 5 we show that
∫
D
hδ−α is responsible for the leading contributions in the right-hand
sides of the (18)–(20), respectively. Bounds for c were obtained in [3, Lemmas 6.5 and 6.6] to
show that
Q1(t) = |D| − 2π−1/2
∫
∂D
dy t1/2 +O(t), t → 0. (43)
However, these bounds do not vanish on the boundary of D, and the corresponding bounds
on
∫
D
cδ−α are not finite for 1  α < 2. In Lemma 7 we obtain a lower bound, improving
Lemma 6.5 of [3], which is sharp enough to complete the proof of the lower bound in Theo-
rem 3 for 0 < α < 2. In Lemma 8 we recall the upper bound for c from [3] which suffices to
complete the proof of Theorem 3 for 0 < α < 1. The proof of the upper bound in Theorem 3
for 1  α < 2 is more delicate. A crucial step (Lemma 9) in the argument is to prove that if
D = {x ∈ Rm: |x| > R} and g(x) = (|x| −R)−α1R<x<3R/2(x) then
∫
D
u1g = O(t(1−α)/2−η) for
any η ∈ (0, (2 − α)/2),1  α < 2 and t → 0. Corollary 2 cannot be applied directly to prove
this lemma since D has infinite volume. By putting additional Dirichlet boundary condition on
{x: |x| = 2R} we may use Corollary 2 with D = {x: R < |x| < 2R} and g as above. The effect of
the additional Dirichlet condition is estimated separately. The proof of Theorem 3 is completed
by an application of the strong Markov property in combination with Lemma 9.
Lemma 5. Let D be an open, bounded and connected set in Rm, and let ∂D be C2. Then for
t → 0:
(i) 1 < α < 2,
∫
D
h(x; t)δ(x)−α dx = k(α)
∫
∂D
dy t(1−α)/2 +O(1), (44)
(ii) ∫
D
h(x; t)δ(x)−1 dx = 2−1
∫
∂D
dy log
1
t
+O(1), (45)
(iii) 0 < α < 1,
∫
D
h(x; t)δ(x)−α dx =
∫
D
δ(x)−α dx + k(α)
∫
∂D
dy t(1−α)/2 +O(t (2−α)/2). (46)
Proof. For x ∈ D let y(x) ∈ ∂D be such that |x − y(x)| = δ(x). Since ∂D is compact and C2
there exists ε > 0 such that for all x ∈ D with δ(x) < ε the map x → (y(x), δ(x)) is a smooth
bijection. Let ∂D be oriented by a smooth inward pointing unit normal vector field, and denote
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and
J (y, r) =
m−1∏
j=1
(
1 − kj (y)r
)
. (47)
First suppose 1 α < 2. Then
∫
D
hδ−α =
ε∫
0
dr
∫
∂D
dy J (y, r)r−α2π−1/2
r/(2t1/2)∫
0
e−q2 dq +
∫
{δ>ε}
hδ−α
= R1 +R2, (48)
with
|R2| ε−α
∫
D
h ε−α
∫
D
1 = ε−α|D|. (49)
Since ∂D is compact and C2 the principal curvatures are uniformly bounded on ∂D. Hence there
exists K such that ∣∣J (y, r) − 1∣∣Kr, 0 < r  ε. (50)
Using (50) together with an integration by parts yields
R1 =
{
k(α)
∫
∂D
dy t(1−α)/2 +O(1), 1 < α < 2,
2−1
∫
∂D
dy log 1
t
+ O(1), α = 1. (51)
Next suppose 0 < α < 1. Then
∫
D
hδ−α =
∫
D
δ−α −
ε∫
0
dr
∫
∂D
dy J (y, r)r−α2π−1/2
∞∫
r/(2t1/2)
e−q2 dq −
∫
{δ>ε}
(1 − h)δ−α
= R3 + R4 +R5. (52)
Furthermore
∣∣1 − h(x; t)∣∣= 2π−1/2
∞∫
r/(2t1/2)
e−q2dq  21/2e−r2/(8t). (53)
Hence
|R5| 21/2e−ε2/(8t)
∫
δ−α  21/2ε−αe−ε2/(8t)|D|. (54)
{δ>ε}
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R4 = k(α)
∫
∂D
dy t(1−α)/2 + O(t (2−α)/2). (55)
This completes the proof of Lemma 5. 
Definition 6. The boundary of an open set D in Rm is R-smooth if for each y ∈ ∂D there
exist two open balls B1,y and B2,y with radius R such that B1,y ⊂ D,B2,y ⊂ Rm − D,∂B1,y ∩
∂B2,y = {y}.
The proofs in the remainder of this paper rely on the probabilistic representation of the solu-
tion u1 of (1)–(3) with f ≡ 1 and D ⊂ Rm. Let (B(s), s  0; Px, x ∈ Rm) be a Brownian motion
associated to − + ∂
∂t
. Define the first hitting time of a closed set C by
TC = inf
{
s  0: B(s) ∈ C}. (56)
It is well known that for any open set D ⊆ Rm
u1(x; t) = Px[T∂D > t]. (57)
Lemma 4 implies that for open subsets D ⊆ Rm
Px[T∂D  t] 2(2+m)/2e−δ(x)2/(8t). (58)
Lemma 7. Let D be an open set in Rm with R-smooth boundary ∂D. Let x ∈ D be such that
δ(x) = r < R. Then for all t > 0, and all γ ∈ (0,1)
c(x; t)−2(2+m)/2rγ t−γ /2e−(1−γ )R2/(8t)
− 2(7+m)/2π−1/2t1/2R−1(1 − e−rR/(8t)). (59)
Proof. Since ∂D is R-smooth for each x ∈ D with r < R there exists B1,y ⊂ D such that the
distance from x to ∂B1,y is equal to r . Without loss of generality we may assume that B1,y is
centred at the origin, and that x = (R − r,0, . . . ,0). By (57)
Px[T∂D > t] Px[T∂B1,y > t]. (60)
Define the cylinder
C =
{
x ∈ Rm:
m∑
i=2
x2i < ρ
2
}
, (61)
where ρ = (2rR − r2)1/2, and
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(
C ∩ {x: x1 < 0}
)
,
∂B+ = (C ∩ ∂B1,y) ∩ {x: x1  0},
∂B− = (C ∩ ∂B1,y) ∩ {x: x1  0},
H = {x: x1 = R}. (62)
Then
Px[T∂B1,y > t] Px[T∂B− > t, T∂C+ > t]
= Px[T∂C+ > t] − Px[T∂B− < t < T∂C+]
= Px[T∂C+ > t] − Px[T∂B− < t < T∂C+ < TH ]
 Px[T∂C+ > t] − Px[T∂B− < t < TH ]. (63)
By Hölder’s inequality we have for 0 < γ < 1
Px[T∂B− < t < TH ] Px[T∂B− < t]1−γPx[t < TH ]γ . (64)
By (58)
Px[T∂B− < t] 2(2+m)/2e−R
2/(8t), (65)
and by (41) and (57)
Px[t < TH ] = 2π−1/2
r/(2t1/2)∫
0
e−q2 dq  rt−1/2. (66)
Estimates (63)–(66) take account of the first term in the right-hand side of (59). To complete
the proof of the lemma we write B(s) = (B1(s),B⊥(s)), s  0, where B1 is a Brownian motion
along the x1-axis starting at R − r , and B⊥ is an independent (m − 1)-dimensional Brownian
motion in the plane x1 = 0 starting at 0. Then, by (56)
Px[T∂C+ > t]

r∫
0
dq
∂
∂q
P
1
[
max
0st
B1(s) < q
]
P
⊥[ max
0st
∣∣B⊥(s)∣∣2 R2 − (R − r + q)2]
=
r∫
0
dq(πt)−1/2e−q2/(4t)P⊥
[
max
0st
∣∣B⊥(s)∣∣2 R2 − (R − r + q)2]
 (πt)−1/2
r∫
dq e−q2/(4t)
(
1 − 2(1+m)/2e−(R2−(R−r+q)2)/(8t))0
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r∫
0
dq e−q2/(4t)
(
1 − 2(1+m)/2e−R(r−q)/(8t))
 h(x; t) − 2(7+m)/2π−1/2t1/2R−1(1 − e−rR/(8t)).  (67)
Proof of the lower bound in Theorem 3. Since ∂D is compact and C2∂D is R-smooth for some
R > 0. It is easily seen that we may choose ε = R/2 in the proof of Lemma 5. By Lemma 4 and
(53) we have that
∫
{x∈D: δ(x)ε}
c(x; t)r−α dx
−
∫
{x∈D: δ(x)ε}
(∣∣1 − h(x; t)∣∣+ ∣∣u1(x; t) − 1∣∣)r−α dx
−(21/2 + 2(m+2)/2)e−ε2/(8t)ε−α|D|. (68)
To estimate the contribution from the set {x ∈ D: δ(x) < ε} we have by Lemma 7:
ε∫
0
dr
∫
∂D
dy J (y, r)c(x; t)r−α
−(1 +Kε)
∫
∂D
dy
{
2(2+m)/2e−R2(1−γ )/(8t)t−γ /2
ε∫
0
rγ−α dr
+ 2(7+m)/2π−1/2R−1t1/2
ε∫
0
(
1 − e−rR/(8t))r−α dr
}
=
⎧⎪⎨
⎪⎩
O(t(3−2α)/2), 1 < α < 2,
O(t1/2 log 1
t
), α = 1,
O(t1/2), 0 < α < 1,
(69)
where we have chosen γ = α/2. The proof of the lower bound in Theorem 3 is complete by
Lemma 7, (68), (69). 
We now recall without proof Lemma 6.6 of [3].
Lemma 8. Let D be an open set in Rm with R-smooth boundary ∂D. Let x ∈ D be such that
δ(x) < R. Then
c(x; t) 4(m − 1)π−1/2R−1t1/2e−r2/(4t) + 29/2e−1R−2t. (70)
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similarly to (68), that
∫
{x∈D: δ(x)>ε}
r−α dx 
(
21/2 + 2(m+2)/2)e−ε2/(8t)ε−α|D|. (71)
By Lemma 8
ε∫
0
dr
∫
∂D
dy J (y, r)c(x; t)r−α
 (1 + Kε)
∫
∂D
dy
{
4(m − 1)π−1/2R−1t1/2
ε∫
0
r−αe−r2/(4t) dr
+ 29/2e−1R−2t
ε∫
0
r−α dr
}
= O(t (2−α)/2). (72)
This completes the proof of the upper bound in Theorem 3 for 0 < α < 1. 
To prove the upper bound in Theorem 3 for 1 α < 2 we will need the following.
Lemma 9. Let B = {x ∈ Rm, |x|R},D = Rm −B , 1 α < 2,
g(x) =
{
(|x| −R)−α, R < |x| 3R/2,
0, |x| > 3R/2, (73)
and let ug :D ×[0,∞) → R be the corresponding unique weak solution of (1)–(3). Then for any
η ∈ (0, (2 − α)/2) there exists t0 > 0 and a constant C depending on R,α, and η such that
∫
D
ug  Ct(1−α)/2−η, 0 < t  t0. (74)
Proof. Let A = {x ∈ Rm: R < |x| < 2R} with boundary ∂A1 ∪ ∂A2, where ∂A1 = ∂D, and
∂A2 = {x ∈ Rm: |x| = 2R}. Then
∫
D
ug =
∫
D
u1g =
∫
A
u1g =
∫
A
Px[T∂D > t]g(x)dx
=
∫
A
Px[T∂A > t]g(x)dx +
∫
A
Px[T∂A2 < t < T∂A1]g(x)dx
= R6 +R7. (75)
M. van den Berg / Journal of Functional Analysis 250 (2007) 114–131 127Using [7, Theorem 1.5.3] we see that the Dirichlet Laplacian on A satisfies a strong Hardy
inequality h(δ)  c4δ2, where c4 is a constant depending on m only. Moreover (15) holds with
β = 1 and some c1 > 0, c2 < ∞. By Corollary 2
R6 C2t (1−α)/2−η, 0 < t  t0. (76)
Let i :A → R be the unique harmonic function with i = 1 on ∂A2 and i = 0 on ∂A1. Then
Px[T∂A2 < T∂A1] = i(x). (77)
Hence
R7 
∫
A
ig. (78)
Since
i(x) =
{
log(|x|/R)/ log 2, R < |x| < 2R, m = 2,
(1 − 22−m)−1(1 − (|x|/R)2−m), R < |x| < 2R, m 3, (79)
we have that i vanishes linearly in R − |x| near ∂A1. Hence the right-hand side of (78) is inte-
grable and bounded by a constant depending on R,m and α only. 
Proof of the upper bound in Theorem 3 for 1  α < 2. Let x ∈ D be arbitrary, and let B =
B2,y(x) be an open ball in Rm − D with radius R and |x − y(x)| = δ(x) = r . Denote by H the
plane tangent to ∂D at y(x). Then
u1(x; t) Px[T∂B > t] Px[TH > t] + Px[TH < t < T∂B < ∞] + Px[T∂B = ∞]. (80)
So
c(x; t) Px[TH < t < T∂B < ∞] + Px[T∂B = ∞]. (81)
By Lemma 5 it suffices to show that for 1 α < 2∫
D
c(x; t)δ(x)−α dx O(1). (82)
Let ε = R/2. Then ∫
{x∈D: δ(x)ε}
c(x; t)δ(x)−α dx  ε−α|D|. (83)
It is well known that for m 2
Px[T∂B = ∞] = 1 −
(
R
)m−2
. (84)
R + r
128 M. van den Berg / Journal of Functional Analysis 250 (2007) 114–131This term does not contribute for m = 2. For m 3 we have by (84) and (50) that
∫
{x∈D: δ(x)<ε}
Px[T∂B = ∞]δ(x)−α dx
=
∫
∂D
dy
ε∫
0
dr
(
1 −
(
R
R + r
)m−2)
J (y, r)r−α
 (1 + Kε)
∫
∂D
dy
ε∫
0
dr
m − 2
R
r1−α = O(1). (85)
By axial symmetry of B,H and {x} we have that the first term in the right-hand side of (81)
depends on r,R and t only. Hence
∫
{x∈D: δ(x)<ε}
dx Px[TH < t < T∂B < ∞] δ(x)−α
=
∫
∂D
dy
∫
0
drJ (y, r)Px[TH < t < T∂B < ∞]r−α
 (1 +Kε)
∫
∂D
dy
ε∫
0
dr Px[TH < t < T∂B < ∞]r−α. (86)
By the strong Markov property at the stopping time TH ,
Px[TH < t < T∂B < ∞] = Ex
{ t∫
0
1TH∈dsPB(TH )[t − s < T∂B < ∞]
}
. (87)
The density of the random variable TH is given by
2−1π−1/2rs−3/2e−r2/(4s)1[0,∞). (88)
The density of the (m − 1)-dimensional random variable B(TH ) ∈ H,TH = s, is given by
(4πs)−(m−1)/2e−|y|2/(4s), (89)
where 0 ∈ H is chosen at y(x). By (87)–(89)
Px[TH < t < T∂B < ∞] = 2−1π−1/2r
t∫
ds e−r2/(4s)s−3/2(4πs)−(m−1)/20
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∫
H
dy e−|y|2/(4s)Py[t − s < T∂B < ∞]. (90)
By (90)
ε∫
0
Px[TH < t < TB < ∞] r−α dr

∞∫
0
Px[TH < t < T∂B < ∞]r−α dr
= 2−απ−1/2
((2 − α)/2)
t∫
0
ds s−(1+α)/2(4πs)−(m−1)/2
×
∫
H
dy e−|y|2/(4s)Py[t − s < T∂B < ∞]. (91)
By axial symmetry we have that Py[t − s < T∂B < ∞] depends on the distance ρ(y) =
(|y|2 + R2)1/2 − R only. Denote by Pρ[t − s < T∂B < ∞] the probability of hitting a ball with
radius R by a Brownian motion starting at distance ρ from ∂B after time t − s. Then, by a change
of variable |y|2 +R2 = (R + ρ)2, we have that
∫
H
dy e−|y|2/(4s)Py[t − s < T∂B < ∞]
= (m − 1)ωm−1
∞∫
0
dρ(ρ +R)(2ρR + ρ2)(m−3)/2e−(ρ2+2ρR)/(4s)
× Pρ[t − s < T∂B < ∞]. (92)
We first estimate the contribution from the interval [ε,∞) to the integral in ρ in (92). Note that
Pρ[t − s < T∂B < ∞] Pρ[0 < T∂B < ∞] =
(
R
R + ρ
)m−2
. (93)
Hence for ρ  ε = R/2 we have that
(ρ +R)(2ρR + ρ2)(m−3)/2Pρ[t − s < T∂B < ∞] 2Rm−2. (94)
Hence
∞∫
dρ(ρ +R)(2ρR + ρ2)(m−3)/2e−(ρ2+2ρR)/(4s)Pρ[t − s < T∂B < ∞]ε
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∞∫
ε
e−(ρ2+2εR)/(4s) dρ
 (4πs)1/2Rm−2e−εR/(2s). (95)
The contribution of this term to the integral in the right-hand side of (91) is bounded by
23−α−m

(
1 − α
2
)


(
m − 1
2
)−1
Rm−2
t∫
0
s(1−α−m)/2e−εR/(2s) ds = o(t). (96)
To estimate the contribution from the interval [0, ε) to the integral in ρ in (92) we use that for
any γ > 0 the integrand in ρ in (92) is bounded by
(m − 1)ωm−1(3R)(m−1)/2ρ(m−3)/2e−ρR/(2s)Pρ[t − s < T∂B < ∞]
 (m − 1)ωm−1(2γ )γ 3(m−1)/2R(m−2γ−1)/2sγ ρ(m−2γ−3)/2Pρ[t − s < T∂B ]. (97)
We choose
γ = m
2
+ 1 + α
6
. (98)
For this choice of γ we have that for 1 α < 2 the exponent (m − 2γ − 3)/2 ∈ (−1,−2). We
now apply Lemma 9 with η = (2 − α)/6 to obtain that
ε∫
0
dρ ρ(m−2γ−3)/2Pρ[t − s < T∂B ]
 1
mωmRm−1
∫
{x∈Rm−B: δ(x)<ε}
dx δ(x)(m−2γ−3)/2Px[t − s < T∂B ]
 C
mωmRm−1
(t − s)(α−8)/12. (99)
The contribution of this term to the integral in the right-hand side of (91) is bounded, up to a
multiplicative constant depending on α,m and R, by
t∫
0
s(2γ−α−m)/2(t − s)(α−8)/12 ds = O(t(2−α)/4). (100)
Inequality (82) follows by (85), (86) and (100). This completes the proof of Theorem 3. 
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